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Abstract To evaluate the uncertainty of a real-time river discharge prediction 
with a distributed rainfall-runoff model, an error structure of real-time rainfall 
prediction by a translation model is modelled as a spatial random field, and then 
predicted rainfall fields are simulated according to the characteristics of the 
prediction error structure. At first, prediction error fields are statistically 
analysed and an isotropic lognormal spatial random field is selected to model 
relative prediction error fields. Next, a method to generate a lognormal spatial 
random field is developed, which uses a matrix factorization technique that a 
covariance matrix is decomposed into its square root matrix. Using this method, 
rainfall field realizations that take into account the prediction error structure are 
well simulated. 
K e y w o r d s prec ip i ta t ion forecas t ing; r a n d o m lield; t rans la t ion m o d e l ; uncer ta in ty 

INTRODUCTION 

For real-time rainfall and discharge prediction it is important to not only provide a 
forecasting value but also to give the prediction accuracy. So far, many methods of 
short-term rainfall prediction using weather radar data have been proposed, and some 
researchers have extended these methods to provide the uncertainty of real-time 
rainfall forecasting (Takasao et al, 1994; Georgakakos & Krajewski, 1995; 
Georgakakos, 2000), in which a stochastic state-space form of a rainfall prediction 
model using operationally available radar data are presented. In this study, to evaluate 
the uncertainty of a river discharge prediction by using a physically based distributed 
hydrological model, the idea to solve a stochastic distributed hydrological system 
numerically on a Monte Cairo simulation framework using rainfall prediction field 
simulations is adopted. If simulated alternative realizations of a predicted rainfall field 
having common statistical properties are provided as the input to a physically-based 
distributed hydrological model, the output discharges will produce the probability 
distribution of predicted discharges at any point in space. This is the objective of the 
research presented here. 

In the next section, a radar data used here and a short-term rainfall prediction 
method using a translation model (Shiiba et al, 1984; Takasao & Shiiba, 1985) are 
briefly described. After that, prediction error fields calculated with radar observed 
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rainfall fields and predicted rainfall fields by the translation model are statistically 
analysed and it is found that the distribution of a relative prediction error fits to a 
lognormal distribution having a spatial correlation. Therefore an isotropic lognormal 
spatial random field model is selected to represent the spatial prediction error structure. 
Then a method to generate the lognormal spatial random field is developed, which uses 
a matrix factorization technique that a covariance matrix is decomposed into its square 
root matrix approximately by using the Chebyshev polynomials. Finally, rainfall field 
generations by using the method are demonstrated. 

RADAR RAINFALL DATA AND TRANSLATION MODEL 

Radar rainfall data 

The radar data used are observed at the Miyama radar raingauge located at the centre 
of Kinki district, Japan, which is managed by the Ministry of Land, Infrastructure and 
Transport. The radar measures rainfall fields at 5-min intervals with the horizontal 
resolution of 3 km, covering the area of 120 km radius. In this study, the radar data of 
80 x 80 grid cells (240 x 240 1cm with 3 km spatial resolution) observed between 
5 September at 10:00 and 6 September at 6:00 in 1989 are used. By using the radar 
data, 12 kinds of averaged data with the combinations of time resolutions of 5, 15, 30, 
and 60 min and spatial resolutions of 3, 6 and 12 km are generated for statistical 
analyses. 

Translation model 

The horizontal rainfall distribution z(x, y, t) with the spatial coordinate (x, y) at time t is 
modelled as: 

dz dz dz ... 
— + u — + v — = w (1) 
dt dx dy 

where u and v are advection velocity along x and y, and w is growth-decay rate. Here 
u, v and w are assumed to have the forms: 

u = ctx + c2y + c3, v — c4x + c5y + c6, w = c1x + ctiy + c9 (2) 

The values of parameters c\, eg are identified by the least square method using 
observed radar rainfall data and they are updated on a real-time basis (Shiiba et ai, 
1984; Takasao & Shiiba, 1985). Three consecutive spatial rainfall distributions in 15 
min are used to determine u and v, and rainfall fields with 5 min and 3 km resolution 
are predicted for each 5 min interval. After that, 12 kinds of averaged predicted data 
with different time and spatial resolution stated above are generated to analyse 
prediction error structures. When forecasting rainfall fields, the growth decay rate w is 
always assumed to be zero. 
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MODELLING OF REAL-TIME RAINFALL PREDICTION ERROR 

Model of prediction error field 

The spatial distribution of an absolute prediction error E„ and the one of a relative 
prediction error Er with the forms: 

EA=R0-RP, ER=(RE-RP)/RP (3) 

are calculated and statistically analysed, where R„ is an observed radar rainfall field 
and R p is a predicted rainfall field by the translation model. The calculation in equation 
(3) is conducted for each corresponding grid cell of R„ and R p . As shown in equation 
(3), Er cannot be obtained if R p is zero, so Er is assumed to be zero if R p is zero. 

If a random field model represents the spatial distributions of E<, and/or Er and it is 
well simulated according to the statistical characteristics, a realization of rainfall field 
R is simulated with the equation: 

R = Rp+Ea or R = RpxEr+Rp (4) 

The simulated alternative rainfall fields R are applied to a distributed rainfall-runoff 
model and the probability distribution of a discharge prediction will be obtained. 

Statistical characteristics of prediction error 

Figure 1 shows the frequency distributions of an absolute prediction error E„ for 5-min 
ahead prediction, which are those calculated using grid-cells in which the predicted 
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Fig. 1 Frequency distribution of absolute prediction error E„ for 5-min ahead 
prediction: frequency distributions of E„ for grid cells in which predicted rainfall 
intensity is (a) larger than zero; (b) between 5 and 10 mm h"1; (c) between 10 and 15 
mm h"!; and (d) between 15 and 20 mm h"1. 
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rainfall intensity is larger than zero, between 5 and 10 mm h"1, between 10 and 15 mm 
h"1, and between 15 mm h"' and 20 mm h"1, respectively. The shapes of frequency 
distributions are quite dependent on the predicted rainfall intensity and also E„ showed 
a positive spatial correlation. It is difficult to model a spatial random field having 
different probability distributions with a spatial correlation structure. Then, a relative 
prediction error Er is tested. As shown in Fig. 2, every frequency distribution seems to 
fit to the same lognormal distribution with the lower bounded value, which takes -1 by 
equation (3) when the value of an observed rainfall is zero. By using the data, the 
spatial correlation coefficient of Er is also calculated. In Fig. 3, it is found that Er has a 
positive correlation within 10 km. From these results, Er could be modelled as a 
lognormal random field with a spatial correlation structure. 

Fig. 2 Frequency distribution of relative prediction error E,. of 5-min ahead prediction. 
Frequency distribution of Er for grid cells in which predicted rainfall intensity is 
(a) larger than zero; (b) between 5 and 10 mm h"'; (c) between 10 and 15 mm h"1; and 
(d) between 15 and 20 mm h"1. 

Fig. 3 Spatial correlation coefficient of relative prediction error E,. (a) case for 5-min 
ahead prediction, and (b) case for 60-min ahead prediction. 
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Table 1 Results of Kolmogorov-Smirnov-test of fit for relative prediction error to lognormal 
distribution. The significance level is 5%. 

Time resolution Spatial resolution 5-min ahead 15-min 30-min 45-min 60-inin 
of radar rainfall of radar rainfall prediction ahead ahead ahead ahead prediction 

prediction prediction prediction prediction 
5 min 3 x 3 km G G F F F 

6 x 6 km G G G F F 

12 x 12 km G G G G F 

15 min 3 x 3 km — G F F F 

6 x 6 km - G G F F 

12 x 12 km - G G G G 

30 min 3 x 3 km - - F - F 

6 x 6 km - - F - F 

12 x 1 2 k m - - G - G 

60 mini 3 x 3 km - - - - G 

6 x 6 km - - - - G 

12 x 12 km - - - - G 

G: good fit; F: failed fit; --: not applicable 

By using the Kolmogorov-Smirnov test, 12 kinds of relative prediction errors with 
different time and spatial resolutions calculated by averaged data stated above are 
tested to fit a lognormal distribution. Each relative prediction error result is classified 
into three categories according to predicted rainfall intensity having less than 4 mm h"1, 
between 4 and 10 mm h _ i , and more than 10 mm h"', respectively. Then the frequency 
distribution for each classified data is tested to fit to the frequency distribution for all 
grid cells with rainfall intensity larger than zero with the criterion of 5% significance 
level of the Kolmogorov-Smirnov test. If all the frequency distributions of the three 
classified data fit to the frequency distribution of all grid-cells with rainfall, the 
distribution is supposed to represent the distribution of the relative prediction error. 
The results of the Kolmogorov-Smirnov test are summarized in Table 1. The analysis 
proposes to use spatially-averaged data with 12-km resolution or time averaged data 
with 1 h if a prediction lead time is taken to be 1 h. 

Characteristics of time persistency for relative precipitation error 

To simulate a spatial field of Er for future time, it is desirable that the statistical 
characteristics of Er last for several hours. Figure 3 shows the mean and standard 

12pm 14pm 16pm 
time(hour) 

18pm 10am 12pm 18pm 14pm 16pm 
time(hour) 

Fig. 4 (a) Time variation of mean and standard deviation of relative prediction Er for 
60-min ahead prediction, (b) Time variation of correlation length a. 
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deviation of Er calculated at every hour from 10:00 to 19:00 on 5 September 1989 by 
using the data with 3-km spatial and 1-h time resolution. It shows that the changes in 
mean and standard deviation are small during one precipitation duration. Figure 4 
shows the change of spatial correlation length of Er, a, the parameter of Gaussian 
spatial con-elation functionp(h) = exp(-h2 la2), obtained by the least square method. 
The values of a are calculated every hour by using Er of 5-, 30-, 60-min ahead 
prediction. The correlation length shows very slight changes in time for all cases. From 
the results, it is supposed that the statistical characteristics of Er obtained at current 
time step will last several hours. 

METHOD FOR LOGNORMAL RANDOM FIELD SIMULATION 

The method to use a matrix factorization technique is adopted in which a covariance 
matrix is decomposed into its square root matrix approximately (Davis, 1987; 
Tachikawa & Shiiba, 2000). 

Let R be a given covariance matrix, and consider R to decompose into R = SS. 
Here, S is a symmetric positive-definite matrix defined as S = QAl,2QT, where Q and 
A l / 2 are an orthogonal and a diagonal matrix defined by means of eigenvalue 
decomposition of R into R = QAQT. Then a simulation generated by X = Sw is a 
Gaussian random field where w is a vector of independent standard Gaussian random 
variables, because: 

E[XXT] = E[SwwTST] = O AmQTE[wwT] QAmQT=QAQT = R 

To obtain S, A l / 2 is numerically expanded by using the Chebyshev polynomials as: 

A 1 / 2 = an/ + ai A + a 2 A 2 +....+ apAp + A 

and S is approximately obtained by: 

S = O(a0I + m A + a 2 A 2 + ... + apAp + A)Qr = 

an/ + aiR + a2R2 +... + o.pRp + QAQT (5) 

Here R"=(OAQTf = QA"QT is used to derive equation (5). 
After getting a homogeneous Gaussian random field X with mean mx, variance o.v

2, 
and covariance function Cx{h) using the above method, a lognormal random field Y = 
expLY] with mean my, variance ay2, and covariance function C\(h) is finally obtained. 
The procedure for simulating a lognormal random field giving my, of, and Cy(h) is as 
follows: (a) calculate o2 using the relationship o2= /wY

2[exp{ a2} - 1]; (b) calculate mx 

using the relationship my = exp[mx + oy2/2]; (c) derive CJJi) using the relationship 
Cy{h) = /7iY~[exp{Cx(A)}-l]; (d) generate a homogeneous Gaussian random field X 
with mean mx, variance o\-2, and covariance function Cx(h); and (e) calculate Fusing Y 
= expLY]. 

EXAMPLE OF RAINFALL FIELD GENERATION 

By using the simulation method, predicted rainfall fields are simulated and used 
according to the following procedure: (a) obtain observed radar rainfall field R0(t\) at 
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3 0 m m / h r 
2 5 m m / h r 
2 0 m m / h r 
1 5 m m / h r 
1 0 m m / h r 

5 m m / h r 
O m m / h r 

(d) (e) (f) 
Fig. 5 (a) Miyama radar observation area, (b) Observed 60-minute mean precipitation. 
(c)-(f) Generated spatial fields of 60-minute mean predicted precipitation. 

current time ti; (b) calculate the mean, variance and correlation length of the relative 
error field EA[t\) by using R0(t\) and a rainfall field Rp(t]) predicted for t\ at previous 
time step; (c) forecast a rainfall field Rp(t2) for time t2 (>t\) by using the translation 
model; (d) simulate an error field Er(t2) with the statistical characteristics obtained at 
step (b); (e) calculate R by using Rp{t2) and Er(t2) using the equation (4); and (f) return 
to step (d) and generate alternative R. After generating required rainfall fields and 
obtaining a probability distribution of river discharge prediction though a distributed 
runoff model, go to next time step and return to step (a). 

Figure 5 shows examples of simulated rainfall fields at 12:00 on 5 September 
1989. In this case, a precipitation field with 1-h and 3-km resolution shown in Fig. 5(b) 
is predicted by using the translation model and realizations of rainfall fields are 
generated based on it. The black coloured area in the figure shows the unpredictable 
area because the predicted rainfall field in the area moves from the outside of the radar 
measured region. 

RESULTS 

By using operational radar precipitation data and predicted rainfall field by the 
translation model, the error structure of predicted precipitation field was analysed. As a 
result, a relative prediction error was modelled as an isotropic lognormal spatial 
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random field, and a method to generate a lognormal spatial random field was 
developed. In the method, a matrix factorization technique is adopted, where a given 
covariance matrix is decomposed into its square root matrix approximately by using 
the Chebyshev polynomials. Finally, using the method, generated realizations of 
rainfall fields and the simulated results were demonstrated. According to the 
Kolmogorov-Smirnov test of fit of a relative prediction error to a lognormal 
distribution, to use time or spatially-averaged radar data is suggested to apply the 
method presented here. 

For further works, we need to devise an algorithm considering Rp is zero, ln the 
method proposed here, if a predicted rainfall in a grid cell is zero, the relative 
prediction error for the grid cell is supposed to be zero. Also probability distributions 
of predicted river discharge should be evaluated through a distributed hydrological 
model with the use of simulated rainfall fields. 
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