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Abstract Groundwater flow and contaminant transport modelling are 
combined with geological characterization data uncertainty in a comput­
ationally efficient method to estimate the reliability, or uncertainty, associated 
with various groundwater remediation designs. The reliability estimate 
provides information to the project regarding the probability of success of the 
design based on the current field data, the likelihood that new field data will 
improve the reliability of the performance estimate, and the location in the 
field where new data will most benefit the design. This approach recognises 
that reliability of design performance depends on both the uncertainty 
associated with the geological model and the impact of this uncertainty on the 
performance model. 

INTRODUCTION 

Characterization of a contaminated site to evaluate remediation alternatives requires 
answering two questions: "Are there enough field data to assess the performance and 
reliability of various remedial alternatives?" and "Where should the next data be 
collected to increase confidence in the remedial design?" These questions arise since 
groundwater flow and transport models typically are employed to simulate the 
behaviour of a contaminant plume under various remedial strategies, and because 
uncertainty in site hydrogeology leads to uncertainty in simulation results. The 
resolution of these questions requires consideration of both the inherent uncertainty 
associated with quantification of geological conditions and the impact of this 
uncertainty upon remediation system design. 

To address these important questions, we build upon the ideas articulated by 
Freeze et al. (1990) regarding hydrogeological decision analysis and the notion of 
reliability-based design (Harr, 1987) where the uncertainty of meeting a performance 
objective for a project is quantified. A quantitative interrelationship between the site 
exploration process, the geological uncertainty model, the hydrological simulation 
model, and engineering reliability analysis is sought. The approach adopted to provide 
this quantification involves: a Bayesian statistical analysis to determine the best 
estimate for the spatially-correlated input parameters required by a numerical model, a 
Taylor Series approximation to relate the uncertainty in the dependent variables 
computed by the numerical model to the input parameters, and a determination of a p 
index or reliability index to facilitate the analysis of the problem. 

mailto:h-reeves@nwu.edu


Reliability-based evaluation of groundwater remediation strategies 305 

APPROACH 

Information regarding the geometry of geological units at a site may be classified as 
either hard data or soft data (Johnson, 1996). Hard data in the case of contaminant 
transport in groundwater are direct measurements of hydrogeological parameters at the 
site. Soft data are estimated values between direct measurement points. These data are 
obtained through geological interpretation, interpretation of geophysical tests, or 
experience with similar sites. Due to the typically small number of direct measure­
ments at a site, soft data are essential in the modelling process. Hard and soft data must 
be combined to construct a geological model of the site. We adopt a Bayesian 
approach to perform this combination due to its ability to include soft data and to 
update the spatial covariance relationships for the site as new data are collected. We 
also note that the Bayesian approach with an uninformed prior produces estimation 
results that are very closely related to kriging (Handcock & Stein, 1993; Omre, 1987). 
Therefore, the results include traditional geostatistical approaches as a subset. 

Ideally, we would like to obtain the probability distribution function describing the 
concentration in the subsurface for any time during the design life of the remediation 
scheme given a set of observations from the site. Formally, we may write a Bayes 
statement relating these parameters. However this type of Bayes approach is 
computationally too burdensome to be considered directly. We note that the vector of 
observations may lead to a large number of input parameters for a numerical model 
describing the behaviour of concentration with time. This yields a problem with too 
many dimensions to be effectively analysed. To make the problem more tractable, we 
will consider an estimate of the expected value and covariance of concentration based 
on vectors of two uncertain input parameters, transmissivity and initial concentration, 
to the model. Several methods may be used to estimate the uncertainty in the 
concentration values determined using transport models given uncertainties in the 
input parameters to the equation. We will apply a Taylor Series approach to propagate 
the uncertainty from the input parameters to the simulated concentrations. The Taylor 
Series approximation yields the following estimates for the expected value of 
concentration with time and the covariance of this computed concentration: 

Equation (1) states that the best estimate of concentration at every point in the 
discretized domain, E[u,], is the result given by the flow and transport model with the 
best estimates of the parameters, transmissivity, T, and initial concentration, uo, as 
input. To evaluate the covariance equation (2) the Jacobian matrices relating changes 
in T and UN to changes in U and the covariance matrices describing the spatial 
distribution of T and Un must be determined. 

Ultimately, the results of the analysis are presented in two ways: the estimated 
variance in the dependent variable (equation (2)), and a (5 or reliability index for the 
modelled remediation design. These two quantities are used to answer the driving 
questions posed in the introduction. 

£ [ U ( 0 ] « G ( J ? [ T ] , £ [ U 0 ] ) (1) 
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The P index is defined as the difference between the modelled response and the 
allowable performance at given points at a site divided by the standard deviation of the 
modelled behaviour. In terms of concentration this may be written as: 

P _ U i ~ U allowed ry\ 

where u„nowed is the maximum concentration allowed at the compliance point and a„i is 
the estimated standard deviation of the modelled concentration at that point. By 
examining the p values for key locations at a site, the reliability or confidence in 
success of a modelled remedial design can be ascertained. If the p values are near zero, 
then the modelled remedial design implies that the concentrations will be near the 
maximum allowable concentration. If the p is large and negative, the modelled 
remedial system does not meet the desired performance, and if P is large and positive, 
the model predicts that the remedial scheme will be successful. The engineer may 
examine the computed P value and judge the reliability of the remedial scheme, if the 
system has a low reliability (P near zero or negative) the engineer can examine the w,-
and QUi terms and detemiine if more sampling that may reduce the a u i can improve 
system reliability or if the remedial system must be redesigned. 

If examination of the p values indicates that additional sampling may improve the 
confidence in the design, the site uncertainty and model sensitivity are combined to 
determine where the next data should be collected. The most important data will be 
data that reduces the estimated variance in the estimated performance variable. Thus, 
equation (2) is used and the location of the maximum value of Cov(u,u) is determined. 
To emphasize the use of this approximation technique to combine both field 
uncertainty and model response, the estimated covariance matrix has been called the 
importancy matrix by several authors (Tomasko et al, 1988; Graettinger & Dowding, 
1999). 

METHODS AND SIMPLE EXAMPLE 

Bayesian formulation and input parameters 

To determine the expected value for transmissivity at every nodal point in the 
modelled domain and the covariance of transmissivity matrix that describes the spatial 
correlation of this parameter, we use a Bayesian approach that couples site data and a 
prior model describing the expected correlation. The prior model used for this example 
is based on developing a variogram and the use of an exponential autocorrelation 
function. This step is quite akin to kriging. If we assume that the parameters describing 
the autocorrelation are known, a simple updating scheme to determine the expected 
value for transmissivity and its covariance may be used (German et al, 1995): 

E[T I v] = E[T] + Cov(v, T)Cov(v)"1 (v - E[v]) (4) 

Cov(T I v) = Cov(T) - Cov(v, T)Cov(v) _ 1 Cov(T, v) (5) 
Note that this analysis may be generalized to allow for the parameters describing 

the variogram to also be uncertain. Observations from the field are then used to update 
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both the expected value of the input data and the values describing the variogram 
which are used in the autocorrelation function to give Cov(T,v). By choosing 
appropriate distributions for all the uncertain parameters, a procedure may be 
developed to update the expected value and covariance of transmissivity akin to that 
shown in equations (4) and (5). This generalized procedure, however, cannot be 
expressed in such a concise fashion. 

Taylor Series implementation for flow equation 

The key to this research project is the generation of the required Jacobian matrices 
described in equation (2) in an efficient manner. The derivatives were computed by 
applying ADIFOR (Bischof et al., 1995), a program that interprets FORTRAN code 
and generates new code that evaluates specified derivatives, and by some hand 
modification of the code, generates analytical derivatives. This algorithm to compute 
the derivatives is much faster than typical numerical perturbation methods and a great 
deal faster than Monte Carlo analysis of these sensitivity matrices (Graettinger & 
Dowding, 1999). For large problems with many computational points, efficient 
determination of the Jacobian matrices is essential in the development of a practical 
reliability model. 

To demonstrate this approach, we have applied the Taylor Series expansion 
described above to a two-dimensional, steady state groundwater flow model. The 
equations are solved using a linear finite element approach, and the thickness of the 
unit is allowed to vary by changing the transmissivity at each computational node in 
the domain. We will explore the use of the reliability approach by focusing on the 
sensitivity of piezometric head results and we will illustrate the use of the estimated 
covariance matrix (equation (2)) to direct sampling. This simple example is the first 
important step in analysing the full contaminant transport problem, but is sufficient to 
illustrate the nature of the procedure. Since the only uncertain input to the model is 
transmissivity, equation (2) is simplified to consider only the sensitivity of head results 
to changes in transmissivity. Figure 1 shows the simple domain used for this problem. 
The domain is discretized into 800 triangular elements and has 441 nodes. A regional 
piezometric head gradient is imposed across the site as noted on the figure, and the 
transmissivity in this synthetic domain varies linearly from 50 m 2 day"1 along the left-
hand side of the domain to 100 m 2 day"1 along the right-hand side. Observations used 
in equations (4) and (5) are generated from the four sampling points shown on the 
figure. The prior model used in these equations specifies an average transmissivity 
across the domain based on the four data points and a covariance matrix based on an 
exponential autocorrelation function. This yields a predicted transmissivity field 
equivalent to one produced using ordinary kriging on these data. A proposed extraction 
well with a pumping rate of 500 m 3 day"1 is specified, as shown in Fig. 1, to generate a 
capture zone for a contaminant plume. Figures 2(a) and 2(b) show the expected value 
for transmissivity input to the domain resulting from application of equation (4) and 
the estimated standard deviation of transmissivity based on equation (5). Note that 
transmissivity values in areas of the domain away from the four samples tend to the 
average value of this parameter, which is the kriging result. We have assumed no 
nugget effect in the autocorrelation function, and, therefore, the standard deviation in 
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F i g . 1 Simple example domain wi th sample locations, p roposed p u m p i n g well and 
imposed boundary condit ions. 

this parameter tends to zero at the measurement points and to its maximum value away 
from these points. Site exploration may be directed by examining these uncertainties. 
This type of analysis to direct exploration, however, does not consider the use of the 
site data for the design of the remediation system. To account for system design in the 
site exploration process, the behaviour of the design model must be considered. Figure 2(c) 

Fig . 2 (a) Transmissivi ty, (b) uncertainty in transmissivity, (c) sensitivity, and (d) 
es t imated head covariance for simple directed sampl ing example . 
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presents the summed values for each node of the Jacobian matrix giving the sensitivity 
of head changes to changes in transmissivity. This figure indicates the total sensitivity 
of the piezometric head at the node to changes in transmissivity anywhere in the 
domain. Note that the highest sensitivity of the model results to changes in trans­
missivity occurring at the pumping well. We then expect that sampling near the 
pumping well will significantly impact the estimated uncertainty in piezometric head 
as computed using equation (2). Figure 2(d) shows the diagonal values of the estimated 
head covariance matrix using equation (2). These values are the appropriate indicators 
of the most important location to collect data as they are a combination of the values 
from Figs 2(b) and 2(c). Consideration of this importancy matrix directs data 
collection to reduce the maximum value of the entire estimated head covariance matrix 
and, thereby, to reduce the overall uncertainty in the computed result. For this case, the 
most important location to collect data is at the proposed pumping well. Data may be 
collected at this location and equations (4) and (5) used to update the input to the 
numerical model. Repeating this exercise yields the next most important location. This 
value occurs near x = 450m and y= 1000 m. This next location is near where the 
uncertainty in estimated transmissivity as shown by Fig. 2(b) is large, but is still 
influenced by the pumping well. Reliability analysis using the computed p values may 
be used to determine when site exploration may cease. 
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