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Abstract We consider three-dimensional steady state flow towards a well that
fully penetrates a randomly heterogeneous aquifer confined between
horizontal no-flow boundaries, and bounded laterally by a cylindrical,
deterministically prescribed constant head boundary. The well is represented
by a line sink that produces water at a deterministically prescribed constant
rate € for unit aquifer thickness. The log hydraulic conductivity, ¥ = InK, of
the aquifer is multivariate Gaussian, statistically homogencous with a
Gaussian spatial autocorrelation function. We develop an analytical solution
for the variance of hydraulic head as a function of dimensionless vertical and
horizontal focations within the aquifer, variance oy of ¥ and dimensionicss
ratios between the principal spatial comrelation scales. Our analysis is based on
the non-local theory first proposed for steady statc and transient flows in
bounded, randomly heterogeneous media by Neuman & Orr (1993), Neuman
el al. (1996), Guadagnini & Neuman (199%,b) and Tartakovsky & Neuman
(1998, 1999). In particular, we develop and solve analytically recursive
closure approximations of the governing non-local moment equations to
second order in 6y by means of an appropriate Green's function. We evaluate
our analytical solutions by means of Gaussian quadratures for the special case
of the isotropic ¥ field.

INTRODUCTION

It has been shown (Neuman & Orr, 1993; Neuman et al., 1996; Guadagnini &
Neuman, 1999a,b; Tartakovsky & Neuman, 1998, 1999) that one can render optimum
unbiased predictions of hydraulic heads, #(r), and fluxes, q(r), under ubiquitously non-
uniform and uncertain field conditions by means of their ensemble (statistical)
moments, {A(r)) and (q(r)) respectively, generally conditioned on measurements of
K(r), r being location vector. The flux predictor satisfies exactly a deterministic
integro-differential equation and is generally non-local and non-Darcian.

Here we consider three-dimensional steady state flow toward a well in a randomly
heterogeneous domain, €. The boundary conditions are of constant head along the
cylindrical surface or radius » =L and of no-flux along the horizontal planes z =0, D.
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The flow domain is embedded in a multivariate Gaussian, statistically homogencous
and anisotropic log hydraulic conductivity field, ¥(r} = InK(r).

Let (K(r)y=K¢ exp(c;/2) be the (unconditional) enmsemble mean of K(r),
representing an estimate of the random process K(r), Ky and oy being the {constant)
geometric mean and standard deviation of ¥, respectively; the random estimation error
of K{(r) is defined as:

K(r) = K(r) — (K(r)) (1)

In the same way we define the unconditional prediction errors of hydraulic head and
flux, respectively, as:

E(r) = h(r) — (A(r)); q'(r) = q(r} - {q{r) @

The hydraulic head satisfies locally the steady state continuity equation and
Darcy’s law:

~-V.q{r}+ f(x)=0 qfr) = - K(r) Vifr) 3)
with the boundary conditions:
oh

hr=1,2,8)=H,; —(r,0,z=0,D)=0 4
dz
We consider a deterministic line source flr) that represents a well of radius ry — 0,

placed at the origin of the radial co-ordinate », = 0, given by:

flr)= ~2—%6(r -7,) 5)

where O is flow rate per unit aquifer thickness and & is the Dirac delta.

Statistical averaging of equations (3) and {4), using (1) and (2}, yields equations
for the predictors of head and flux. Neuman & Orr (1993) have shown that the latter
depend on a residual flux which is integro-differential and hence non-local and non-
Darcian. To render the mean equations workable, we expand them in powers of oy,
following the procedure of Tartakovsky & Neuman (1998, 1999) and Guadagnini &
Neuman (1999a). This nominally fimits our results to mildly non-uniform fields. We
note, however, that Guadagnini & Neuman (1999a,b) obtained good agreement
between second order (in oy) non-tocal moment approximations and Monte Carlo

results for at least o3 =4 under superimposed mean uniform and convergent steady
state flows in two dimensions.

Here we use non-local theory to derive analytical expressions for measures of
uncertainty (variance-covariance} associated with the predictor of hydraulic head in the
above three-dimensional well problem.

ANALYTICAL SOLUTION OF HEAD VARIANCE-COVARIANCE

A measure of prediction uncertainty associated with the mean head, (h(r)), is given by
the head covariance, Cy{r;, ry)) = (&'(r)) £'(ry)). For a statistically homogencous log
hydraulic conductivity field (Kg(r) = Kg), to second {lowest) order of approximation,
Cy(ry, ) satisfies:
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V., [ K¢ v, C;(,Z}(rl, )+ C,Ef()(l‘i, rp) v, Oy ]=0 (6)
subject to boundary conditions:
COr,,r,)=05 forn=1L; é—cf)(r[,ru):o; forz;=0,D (7

1
where the superscript @ denotes terms that are strictly of second-order (i.e. contain
only second powers of 6y). The solution of equations (6) and (7) is:

CPrvy)= [9.C50, ) VRO () Gl ) e+
Q

jC,E?(r', ru)vfz-‘h(o) (1") G(r‘, r[)dr' (8)
93
Here Gir, ) 1s the (deterministic) Green’s function of equations (6) and (7), i.e.
G(r, ) is the solution of (6) and (7) with homogeneous boundary conditions, in the
presence of a point source Ar)=35(r—r"); and A? is the (deterministic) zero-order
approximation of the mean head, given by:

RO =H, +—C L ®
© 2nK, L
Substituting equation (5) in (3) and taking ensemble mean of equations (3) and (4)
yields, to zero-order;

o S 0 10
ViR = X _MKGJ_,b(r r,) (10)

The term C ,{j{] represents second-order approximation of the cross-covariance between
hydraulic head and conductivity. It is given by (see Guadagnini & Neuman, 199%a):

COr vy )=-K2 IVh(D)(r") V.G (e, v, ) C 0, r) e (11)
o

where Q" = Q, G is the zero-order approximation of the mean Green’s function (see
Guadagnini & Neuman, 1999a), and C{(r', ¥"} is the log conductivity autocovariance.
As G = G, we henceforth omit the superscript . To determine G(r, ¥'), we first
calculate the Green function for the transient problem G(r, r', ) (Carslaw & Jaeger,
1959, p. 361-380), and then apply the property (Dagan, 1982):

1.
Gr, r'):g lim JG {r,r',z—1)du (12)
{2
0
After some developments, and upon using some properties of series containing Bessel

functions (Staff of Bateman, 1953, p. 104), we obtain :

D a1 1, 1-28€'cos(-0)+878%
G(‘C:»:G’X,z::»e’X)“nDKG 4ln§2—2§i'003(9~0')+§'2

i cos (mﬂx)cos (mnx‘) You— 2i i cos[n(0 - 8")]cos (mmy ) cos(mmy 'Yy ., (13)

me=i n=1m=1

where:
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1 {emme’ )[ I, (emne)K (smn) - K, (emne )l (emn)] 0<& <&
_ I, {emm) (14)
! (””"'TE.') [Io (gm‘ftﬁ_,')Ko (smTc) -K, (smnﬁ’)fo (8”17':)} g=g'sl
1y (smn)
i 1,(emnz) [7,(emne)K (emn)— K, (emnE)l (emn)] 0sE<E
- I, (amn) (15)
EACIELY) ({—:mm;) [I ., (amnﬁ,')K Jemn)-K, (amrrE_,')I (emn ] £<g'sl
'S (smﬂ)
E=r/L y=z/D e=L/D (16)

and 7, K, are modified Bessel functions. Green’s function, G, does not depend on the
source term or boundary conditions, but only on boundary type (Neumann or
Dirichlet) and configuration. Qur reliance on G thus makes it possible for us to solve
flow problems with various flow rates, Neumann conditions at the top and botlom
boundarics, and Dirichlet conditions at the externat cylindrical bounding surface.

Using a Gaussian anisotropic covariance for the log conductivities:

2 r
Cole, €.,0.0" 7' ') = ol exp{—g Fd} an
where:
d= &% +8% 288 Cos(0-0") + . (- (18)
o
A = Ay = A e = Mh;
and substituting equations (9)-(18) into equation (8), we obtain the following
expression for second-order approximation of the head variance o}’ =C5 (r, =r,) in
dimensionless coordinates:
22
@)z Qoy | L 1
o¥?(z, 8, 20 4+—1, |+ 41 (19)
Ve ﬁﬁlKL&[ 21:] 3}
where:

= " 1 t __£~— 2 i [T 1t 1
—H_ﬁ 0,x". &%) GE.x'.0 &OX)BXP[ A[ +82(x x)ﬂdx 40

0

da' day”
= [ [ole. o x5 0,0)GE", 0", %" 5,8, LeL ey
Qfﬂj_a S00)GE"6 LS ,«)aé,aé,, Crle, 0,686 1) =
I GlE=0.5, 5, x) GE"= 0.0, &%) Cp (5= 070,87 = 0,5}y dx "
Gorl _ G O ¢ =2t 9 ¢, (20)

T K D et T T A 2 apae



Three-dimensional steady state flow to a well in a randomly heterogeneous aquifer 135

To evaluate equation (19), we computed the four-dimensional integral f, six-
dimensional 5, and two-dimensional /; by Gaussian quadrature. For the cases
considered, [} and 7y required 20 Gauss points to yield acceptable results. The
evaluation of /5 is a formidable task. With a Pentium I 450 MHz processor (RAM is
not critical), the computation of I> for a single point (£, 8, z) in the aquifer, with 14
(Gauss points, takes 15 hours. Increasing the number of Gauss points from 8 to 10
improves accuracy by up to 200%, from 10 to 12 by up to 100%, and from 12 to 14 by
up to 25%. We expect that a higher number of Gauss points would be needed to

compute Gf‘] with high accuracy. Nevertheless, previous numerical results by
Guadagnini & Neuman {1999b) give us confidence that our results do capture key

features of the general behaviour of 0’5,2).

0.12
WYTa=1 olb-1 —Lbow .

IA=10 o UD=1 ——ID>w g0 . - LD >
1ok ' " o L/D=10
' o LiD=1
©
= O
© N5
01

0.02
0.001 | @ | SL® _
0 05 g 1 0 0.5 g

Fig. 1 Second order approximation of dimensionless hydraulic head variance as a
function of £ and (1) L/A with L/D =1, (b) L/D with L/}, = 10,

Figure 1(a) depicts the ratio 6{//C (C=Q%c? /(4 =* K2)) as a function of &
when y = 0.5 and 6 = 0, for different values of L/A, in an isotropic domain (e = 1) with
LiD = 1. The head variance 0',(,2) — o for r = r,— 0, decreases as r increases, and 1s
zero for r= L, due to the imposed boundary conditions. A peak head variance at the
well has also been observed by Guadagnim & Neurnan (1999b) in two dimensions. It

is clear that ch] is sirongly affected by the ratio L/A between the characteristic scale of
the flux and ¥, and decreases as L/A increases.
The head variance is also influenced by the ratio L/D between the horizontal and

vertical dimensions of the domain (Fig. 1(b}). If L/D decrcases, GS,Z)

Figures 1(a) and I(b) depict 0‘5,2) for the corresponding two-dimensional problem
(LiD — w0y, setting D=1 (L/A=1, LiD=1; L/ =10, L/D=10) practically
reproduces the two-dimensional case,

We are currently performing further calculations to investigate the effects that

vertical and angular co-ordinates, and statistical anisotropy, may have on Gf '

decreases.
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CONCLUSIONS

Our work leads fo the following major conclusions:

— Non-local stochastic theory was used to develop an analytical expression for the
variance of hydranlic head in three-dimensional steady state flow towards a well
that fully penetrates a randomly heterogeneous aquifer, confined between
horizontal no-flow boundaries, and hounded laterally by a cylindrical,
deterministically prescribed constant head boundary. The covariance is a function

of dimensionless vertical and horizontal locations in the aquifer, variance o} of ¥,
and dimensionless ratios between principal spatial correlation scales.

— To second order of approximation (in o), the variance 0'5,2) of hydraulic head
decreases with distance from the well and as either L/A increases or 7/D
decreases.
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