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Abstract Solving differential equations, which rule transient groundwater 
flow in confined or unconfmed porous aquifers, implies the previous 
knowledge of hydrogeological parameters and effective recharge. In a 
stochastic framework the hydrogeological parameters are seen as random 
functions and their log-transforms can be represented by stationary isotropic 
multivariate normal random functions characterized by a small number of 
parameters. Recharge from rainfall can be assessed as a percentage of total 
precipitation. An algorithm, based on an inverse method approach, which 
simultaneously estimates all these parameters is described. This algorithm is 
complemented by a co-kriging technique which produces the first and second 
conditional moments of those hydrogeological parameters. A short 
description, as well as an application of this methodology to a synthetic case, 
is presented, including comparisons between "real" and expected conductivity, 
porosity and piezometric fields. The variance of estimation of the expected 
fields is also given. 

INTRODUCTION 

In a stochastic framework, hydrogeological parameters are seen as random functions 
and, under certain conditions, it can be assumed that a logarithm transform of these 
parameters behaves as a stationary isotropic multivariate normal random function. Trans­
missivity (or conductivity) is represented by the log-transform Y= ln r (or Y= lnAT), which 
is defined by the expected value, mY, nugget effect, wy, variance, a2y, integral scale, ly, and 
the covariance type. The same happens with the storage coefficient (or porosity), with its 
log-transform G = \nS (or G = lnoo )̂ also defined by the same four parameters ( T M G , w g , 
g 2

g , lG) and covariance type. It is assumed that these random functions, Y and G, are 
not correlated, hi those regional (unconfmed) aquifers whose main recharge comes from 
rainfall, infiltration can be assessed as a percentage of total precipitation (R = rP). Then, if 
precipitation P is known, the effective recharge R can be quantified by parameter r. 

THE STOCHASTIC DIRECT PROBLEM 

The algorithm described here was developed for both types of porous regional aquifers 
(confined and unconfmed). However, only the unconfmed aquifer will be considered, 
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for which the differential equation is: 

v | ( e y D V / / ) - e c ^ - r P - e - f : a „ - 8 ( x - x „ , ) = 0 (1) 
ot 

where H is the piezometric head, Q and Qwi are, respectively, diffuse and point 
abstractions (or recharges) and the depth of the unconfmed aquifer is represented by 
D = H — Zbottom-

In a stochastic framework, a random function can be understood as the sum of an 
expected value and a zero mean perturbation. In that context, let H=(H) + h, 
Y=(Y)+f and G = (G) + g. Substituting these expressions in equation (1), replacing é 
by (1 +f) and e g by (1 + g) and ignoring all second order terms (e.g. residual flux), a 
new equation is derived. Taking the expectation of this equation, a differential 
equation is obtained similar to (1) which relates expected values: 

v | ( e ^ ( i ) ) V < / / > ) - e ^ ^ > - r P - ( 2 - i fiw.,S(x - x l v , ) = 0 (2) 

where (D) = (H) - Zbottom- Subtracting this equation from the existing one, before 
expectation has been taken, a differential equation relating perturbations h, f and g is 
obtained: 

VI (e<y>(D) V / , ) + v | (e < K > h V</7>)- e<c> — + em(D)Vf | V(H) + 
S t

 v (3) 
+ / e < 0 ) ô ( ^ _ g e < c > 5 ^ + / / . p + / e + / | _ ) = Q 

dt dt ~7 

The integration of this differential perturbation equation, by the finite element method, 
gives place to a matricial expression which relates nodal head perturbations h, at 
different instants, with nodal perturbations f and g: 

h, = A 4 f + B 4 g , k = \,...,tRml (4) 

The matrices, A* and B*, allow the evaluation of the covariance matrix of piezometric 
head CHH and the cross covariance matrices CHY and CHG, whose submatrices are 
defined by equations (5), (6) and (7): 

C ^ = £ [ h , . h f ] = A , . C - . A f + B , . C - . B f , k,l = l,..,tRml (5) 

C'^ = £ [ h , . f ' ] = A 4 , C » \ k = l,...,tRml (6) 

C " * ( ; = £ [ h 4 . g r ] = B 4 - C c < 7 , k = l,...,tfmM (7) 

where CYY and CGG are the unconditional covariance matrices of random functions Y 
and G characterized by the statistical parameters wY, <j2Y, h, W G , C T 2 G and lG. 

THE STOCHASTIC INVERSE PROBLEM 

The problem remains as how to estimate model parameters P = (rriYjncr) and 
statistical parameters \|/ = (WH,WY,WG,<j2'Y,a

7'GJYJG) (WH is the variance of the head 
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measurement errors, without any spatial correlation), taking into account field data, 
K (xD) and co ( / (x^), and improving the estimation with piezometric head data H (xD,t). 
To solve this problem, a stochastic inverse problem approach was developed, based on 
the works of Hoeksema & Kitanidis (1984) and Sun & Yeh (1992a). This inverse 
problem is stated through the well-known maximum likelihood estimator, which 
produces an objective function to be minimized: 

1 y ( P , V ) = l n | C Z ) ( P , V ) | + e ^ C - | ( P , U 7 ) - e i ) (8) 

where eD= {H*(xo,t)-H/JXDJ); Y*(xD)-mf, G*(xD)-ma) is the vector of the 
residuals at the measurement points and CD($,\\i) is the generalized covariance matrix 
of the residuals at the same points. The formulation of this objective function, equation 
(8), and the evaluation of its derivatives with respect to the ten parameters 9 = (p,i|/) 
implies solving, for the time period involved in the inverse problem, the mean flow 
equation (2), the sensitivity equations of H to the model parameters p and the 
perturbation equation (3). It also implies the calculation of the derivatives of matrices 
Ajt and Bk with respect to the model parameters, and the build up of CD(P,HO and its 
derivatives with respect to all parameters 9. The optimization problem is solved with 
the help of a quasi-Newton method, the BFGS algorithm, complemented by a 
parabolic line-search. All differential equations are integrated by the finite element 
method (isoparametric elements of eight nodes). 

ESTIMATION OF HYDROGEOLOGICAL PARAMETERS 

Once the optimization problem is solved, the estimation of the spatial distribution of Y 
and G is performed by a co-kriging technique. For this purpose, submatrices of 
Cfl(P,\j/) are used to build the system of equations which gives the co-kriging 

coefficients. Co-kriging of / ( x 0 ) = Y(x0) - mY and its covariance matrix is performed 
by: 

qHBHD C>H0YD 

QYDHD QYDYD 

/K)=z^./(v)+2^„A(x^) 

(9) 

(10) 

CcZK (x„, x, ) = C™ (x„, x, ) - X K*. Cn (x, y, xb ) - X PI 5 o Cm(x.H,xb) (11) 

Co-kriging of g (x 0 ) = G(x 0 ) - ma and its covariance is realized by identical 
expressions, which are omitted for reasons of brevity. 

SYNTHETIC CASE 

A synthetic case was set up (Fig. 1) in order to demonstrate an application of this 
methodology. The "real" log conductivity field Y, was produced, with the help of a 
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simulated annealing algorithm, in order to present, approximately, the following 
statistical parameters (/ny=ln(20), wy=0.06, o 2 y=0.24, /y=1.0 km). The same 
procedure was used to get the "real" log porosity field, G (jnG- ln(0.25), WG=0.02, 
rj 2c7=0.08, lG = 1.0 km). The corresponding K and ov fields are presented in Fig. 2. 
The direct simulation with the "real" hydrogeological parameters was performed with 
the effective recharge due to rainfall infiltration defined by r = 0.40. Hydrogeological 
and piezometric data were "collected" at, intentionally few, random located points 
(Fig. 1). 

A K, (Oj, H measurement points 

• H measurement points only 

x well points wi th measurement of K, <ad, H 

— prescr ibed head boundary 

— impervious boundary 

— prescr ibed flow boundary 

Abst rac t ion at each well : 6000 m 3 day" 1 
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Fig. 1 Aquifer definition: well points ; data measurement points ; boundary condit ions: 
prescr ibed head (H) and flow (q„); precipitat ion (P) . 

EN52: K(m/d) "real" field (Sasim simulation) K(m/d) EN52: Wd(m/m) "real" field (Sasim simulation) Wd(m/m) 

Fig. 2 "Rea l " fields of K ( m day" 1) and ad. 
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T a b l e 1 M o d e l and statistical parameters g iven by the inverse model l ing algori thm. 

m y m g f 
(mm ) 

Wy WG G2
 y e2c h la 

(km) (km) 

3.11332 -1.26781 0.39998 1.37672 0.06545 0.39920 0.54538 0.11806 0.70033 4.84504 

EN52: K(m/d) estimated field K(m/d) EN52: Wd(m/m) estimated field Wd(m/m) 

Fig. 3 Co-kr iged fields of K (m day ' 1 ) and cad. 

EN52: Variance of Y=lnK estimated field var Y EN52: Variance of G=In(Wd) estimated Held Var G 

Fig. 4 Var iance of co-kriging est imation of log- t ransformed fields T = \nK and 
G = l n e v 

E N 5 2 : "Real" piezometric field (month 6) H-06(m) E N 5 2 : Expected piezometric field (month 6) H-06(m) 

Fig. 5 "Rea l " and est imated piezometr ic fields at m o n t h 6. 

The inverse modelling algorithm gave, for the ten parameters described above, the 
values presented in Table 1. The estimated fields, produced by the inverse modelling 
and co-kriging methodology, are shown in Fig. 3 and their variance of estimation in 
Fig. 4. In order to obtain the expected piezometric fields, the simulation model 
(equation (2)) was run for the hydrogeological estimated fields. A visual comparison 
between the "real" and expected piezometric fields, at month 6, can be drawn from 
Fig. 5. The variance of the expected piezometric field is the main diagonal of the 
matrices given by equation (5) solved for the conditional (co-kriged) covariance of Y 
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EN52: Variance of expected piezometric field (nr2) VarH-06 EN52: <H> - Hreal (month 6) dH-06(rc 

Fig . 6 Variance of expected piezometr ic field and difference b e t w e e n expected and 
" rea l" p iezometr ic fields, at m o n t h 6. 

and G, with matrices At and obtained from perturbation equation (3) integrated for 
the estimated hydrogeological fields and effective recharge. Finally, this conditional 
variance and the difference between the expected and "real" piezometric fields, at the 
same month, is presented in Fig. 6. 

CONCLUSIONS 

Parameter r reaches, almost exactly, the value chosen for the "real" direct simulation. 
A good degree of accuracy has been registered in every synthetic case tested. The two 
other model parameters do not behave so well. The same applies to the other statistical 
parameters. The most inaccurate approximation typically occurs with the log-transform 
of porosity, although some tests conducted for synthetic confined aquifers revealed a 
significantly better approximation of the log-transform of storage coefficient, S. The 
estimated spatial distributions of K and ov reflect these facts. Furthermore, it has been 
verified that the statistical parameters which characterize the random functions are 
very sensitive to small changes in measurement point positioning, even when it only 
involves changes of one or two "piezometers". However, the expected piezometric 
field presents a remarkably better approximation to the "real" field. And the real 
advantage of estimating K and ov, or T and S, with an inverse modelling and co-
kriging procedure is well understood when a comparison is made with piezometric 
fields based on hydrogeological parameters estimated exclusively by geostatistical 
means. The differences are particularly evident, for example, in the vicinity of well 
points, where the flow is strongly determined by the hydraulic conductivity. 
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